A clique-coloring of a given graph G is a coloring of the vertices of G such that no maximal clique of size at least two is monocolored. The clique-chromatic number of G is the least number of colors for which G admits a clique-coloring. It has been proved that every planar graph is 3-clique colorable and every claw-free planar graph, different from an odd cycle, is 2-clique colorable. In this paper, we generalize these results to K 3,3 -minor free (K 3,3 -subdivision free) graphs.
Theorem 1. [9] Every planar graph is strongly 3-clique colorable.
Moreover, Shan et al. in [12] proved the following theorem.
Theorem 2.
[12] Every claw-free planar graph G of order n, different from an odd cycle, is 2-clique colorable.
Shan and Kang generalized the result of Theorem 1 to K 5 -minor free graphs and the result of Theorem 2 to graphs which are claw-free and K 5 -subdivision free [11] as follows.
Theorem 3.
[11] Every K 5 -minor free graph is strongly 3-clique colorable.
Theorem 4. [11]
Every graph which is claw-free and K 5 -subdivision free, different from an odd cycle, is 2-clique colorable.
In this paper, we generalize the result of Theorem 1 to K 3,3 -minor free graphs and the result of Theorem 2 to claw-free and K 3,3 -minor free graphs. Finally, we determine the clique-chromatic number of K 2,3 -minor free graphs and generalize the result of claw-free outerplanar graphs to K 2,3 -minor free graphs and K 4 -minor free graphs.
Preliminaries
In this section, we state the structure theorem of claw-free graphs that is proved by Chudnovsky and Seymour [4] . At first we need a number of definitions.
Two adjacent vertices u, v of graph G are called twins if they have the same neighbors in G, and if there are two such vertices, we say G admits twins. For a vertex v in G and a set X ⊆ V (G)\{v}, we say that v is complete to X or X-complete if v is adjacent to every vertex in X; and that v is anticomplete to X or X-anticomplete if v has no neighbor in X. For two disjoint subsets A and B of V (G), we say that A is complete, respectively anticomplete, to B, if every vertex in A is complete, respectively anticomplete, to B. A vertex is called singular if the set of its non-neighbors induces a clique.
Let G be a graph and A, B be disjoint subsets of V (G), the pair (A, B) is called homogeneous pair in G, if for every vertex v ∈ V (G) \ (A ∪ B), v is either A-complete or A-anticomplete and either B-complete or B-anticomplete. If one of the subsets A or B, for instance B is empty, then A is called a homogeneous set.
Let (A, B) be a homogeneous pair, such that A, B are both cliques, and A is neither complete nor anticomplete to B, and at least one of A, B has at least two members. In these conditions the pair (A, B) is called a W -join. A homogeneous pair (A, B) is nondominating if some vertex of V (G) \ (A ∪ B) has no neighbor in A ∪ B, and it is coherent if the set of all (A ∪ B)-complete
Next, suppose that V 1 , V 2 is a partition of V (G) such that V 1 , V 2 are nonempty and V 1 is anticomplete to V 2 . The pair (V 1 , V 2 ) is called a 0-join in G.
Next, suppose that V 1 , V 2 is a partition of V (G), and for i = 1, 2 there is a subset A i ⊆ V i such that:
1) for i = 1, 2, A i is a clique, and A i , V i \ A i are both nonempty;
2) A 1 is complete to A 2 ;
3) V 1 \ A 1 is anticomplete to V 2 , and V 2 \ A 2 is anticomplete to V 1 .
In these conditions, the pair (V 1 , V 2 ) is a 1-join. Now, suppose that V 0 , V 1 , V 2 is a partition of V (G), and for i = 1, 2 there are subsets A i , B i of V i satisfying the following properties:
2) A 1 is complete to A 2 , and B 1 is complete to B 2 , and there are no other edges between V 1 and V 2 ;
3) V 0 is a complete, and, for i = 1, 2, V 0 is complete to A i ∪B i and anticomplete to V i \(A i ∪B i ).
The triple (V 0 , V 1 , V 2 ) is called a generalized 2-join, and, if V 0 = ∅, the pair (V 1 , V 2 ) is called a 2-join.
The last decomposition is the following. Let (V 1 , V 2 ) be a partition of V (G), such that for i = 1, 2, there are cliques A i , B i , C i ⊆ V i with the following properties:
1) for i = 1, 2 the sets A i , B i , C i are pairwise disjoint and have union V i ;
2) V 1 is complete to V 2 except that there are no edges between A 1 and A 2 , between B 1 and B 2 , and between C 1 and C 2 ; and 3) V 1 , V 2 are both nonempty.
In these conditions it is said that G is a hex-join of V 1 and V 2 . Now we define classes F 0 , . . . , F 7 as follows:
• F 0 is the class of all line graphs.
• The icosahedron is the unique planar graph with 12 vertices of all degree five. For k = 0, 1, 2, 3, icosa(k) denotes the graph obtained from the icosahedron by deleting k pairwise adjacent vertices. A graph G ∈ F 1 if G is isomorphic to icosa(0), icosa(1), or icosa(2).
• Let H be the graph with vertex set {v 1 , . . . , v 13 and no other pairs are adjacent. A graph G ∈ F 2 if G is isomorphic to H \ X, where X ⊆ {v 11 , v 12 , v 13 }.
• Let C be a circle, and V (G) be a finite set of points of C. Take a set of subset of C homeomorphic to interval [0, 1] such that there are not three intervals covering C and no two of intervals share an end-point. Say that u, v ∈ V (G) are adjacent in G if the set of points {u, v} of C is a subset of one of the intervals. Such a graph is called circular interval graph. F 3 is the class of all circular interval graphs.
• Let H be the graph with seven vertices h 0 , . . . , h 6 , in which h 1 , . . . , h 6 are pairwise adjacent and h 0 is adjacent to h 1 . Let H be the graph obtained from the line graph L(H) of H by adding one new vertex, adjacent precisely to the members of V (L(H)) = E(H) that are not incident with h 1 in H. Then H is claw-free. Let F 4 be the class of all graphs isomorphic to induced subgraphs of H . Note that the vertices of H corresponding to the members of E(H) that incident with h 1 in H form a complete in H . So every graph in F 4 is either a line graph or it has a singular vertex.
• Let n ≥ 0. Let A = {a 1 , . . . , a n }, B = {b 1 , . . . , b n }, C = {c 1 , . . . , c n } be three cliques, • Let n ≥ 0. Let A = {a 0 , . . . , a n }, B = {b 0 , . . . , b n }, C = {c 1 , . . . , c n } be three cliques, pairwise disjoint. For 0 ≤ i, j ≤ n, let a i , b j be adjacent if and only if i = j > 0, and for 1 ≤ i ≤ n and 0 ≤ j ≤ n let c i be adjacent to a j , b j if and only if i = j = 0. Let the graph just constructed be H. A graph G ∈ F 6 if (for some n) G is isomorphic to H \ X for some
• A graph G is prismatic, if for every triangle T of G, every vertex of G not in T has a unique neighbor in T . A graph G is antiprismatic if its complement is prismatic. Let F 7 be the class of all antiprismatic graphs.
The structure theorem in [4] is as follows:
• G admits either twins, a nondominating W -join, a 0-join, a 1-join, a generalized 2-join, or a hex-join.
K 3,-minor free graphs
In this section, we concern the clique chromatic number of K 3,3 -minor free graphs. In particular, we prove that every K 3,3 -minor free graph is strongly 3-clique colorable. Moreover, it is 2-clique colorable if it is a claw-free graph, different from an odd cycle, as well.
The following theorem proposes a structural consequence about K 3,3 -minor free graphs.
. . , T r be a sequence of graphs in which for each i, 1 ≤ i ≤ r, T i is either a planar graph or isomorphic with complete graph K 5 . Graph G is K 3,3 -minor free if and only if there is a recursive sequence G 1 , G 2 , . . . , G r = G, such that G 1 = T 1 , and for each i,
Also we need following lemma proposed in [9] . Lemma 1.
[9] Let G be a connected plane graph that its outer cycle, C, is a triangle. If φ : V (C) −→ {1, 2, 3} be a clique coloring of induced subgraph C, then φ can be extended to a strong 3-clique coloring of G.
In the following, we use the above recursive consequence to provide a strong 3-clique coloring for K 3,3 -minor free graphs. Theorem 7. Every K 3,3 -minor free graph is strongly 3-clique colorable.
Proof. Let G be a K 3,3 -minor free graph. The assertion is trivial for |V (G)| ≤ 3. So let |V (G)| ≥ 4. By Theorem 6, there exists a sequence T = T 1 , T 2 , . . . , T r such that G has a recursive construction based on T i , 1 ≤ i ≤ r. We use the induction on the length r. If r = 1, then G = T 1 is either a K 5 or a planar graph. If G is K 5 , then the assertion is obvious, since by assigning two vertices of G color 1 and two vertices of G color 2 and rest vertex color 3, we have a strongly 3-clique coloring of K 5 . Also, if G is a planar graph, then the assertion follows directly from Theorem 1. Now let r ≥ 2. By the induction hypothesis G r−1 has a strongly 3-clique coloring. Suppose that G r is obtained from G r−1 and T r by gluing on vertex {v}. Since T r has also a strongly 3-clique coloring, by a renaming the color of v in T r , if it is necessary, we obtain a strongly 3-clique coloring for G r .
Next, we suppose that G r is obtained from G r−1 and T r by gluing on edge uv. If T r is K 5 , then we consider the strong 3-clique coloring φ of G r−1 and extend it to a strongly 3-clique coloring of G r as follow. If φ(u) = φ(v), then we assign two different colors {1, 2, 3} \ {φ(v)} to the other three vertices of K 5 . If φ(u) = φ(v), then we assign three different colors {1, 2, 3} to the other three vertices of K 5 . Obviously, the extended coloring is a strongly 3-clique coloring of G r .
Finally, let
is not maximal clique in G r−1 , so it is not maximal clique in G r . Therefore, the coloring φ(x) for x ∈ G r−1 and φ (x) for x ∈ T r · e is a strongly 3-clique coloring for G r .
The rest of this section deals with the proof that, every claw-free and K 3,3 -minor free graph G, different from an odd cycle of order greater than three, is 2-clique colorable. For this purpose, we need two following theorems.
Theorem 8. [8] In claw-free graphs if
from an odd cycle of order greater than three, then G is 2-clique colorable.
Theorem 9.
[8] Every connected claw-free graph G with maximum degree at most seven, not an odd cycle of order greater than three, is 2-clique colorable.
From the proof of Theorem 9, we conclude the following corollary. Corollary 1. If G is a connected K 3,3 -minor free graph which admits either twins, or a nondominating W -join, or a coherent W -join, or a 1-join, or a generalized 2-join, except an odd cycle of order greater than three, then G is 2-clique colorable.
According to Theorem 8 and Corollary 1, it is sufficient to show that graphs
except an odd cycle of order greater than three, is 2-clique colorable. First we show this result for class F 0 of claw-free graphs. We need the following theorem. Finally, we suppose that G r is obtained from G r−1 and T r by gluing on edge uv. In this case by the induction hypothesis we have 2-clique coloring φ for G r−1 such that φ(u) = φ(v). In addition, we have a 2-clique coloring for T r , such that φ (u) = φ (v). Then by renaming the color of φ (u) and φ (v), if it is necessary, we obtain a 2-clique coloring for G r . Now we show the 2-clique colorability of claw-free graphs in class F 4 . First we need the following theorem.
Theorem 12.
[2] For any graph G = C 5 with α(G) ≥ 2, we have χ c (G) ≤ α(G).
Theorem 13. The K 3,3 -minor free graph G in F 4 is 2-clique colorable.
Proof. Since a graph in F 4 is a line graph or has a singular vertex, by Theorem 11 it is sufficient to consider graph in F 4 with singular vertex. So we have that α(G) ≤ 3. If α(G) ≤ 2, then by Theorem 12 G is 2-clique colorable, otherwise α(G) = 3. Let x be singular vertex and S = {t, r, s} be a stable set for G. Since non-neighbors vertices of x induced a clique, so t, r are adjacent to x and s is not adjacent to x. Now we propose a 2-clique coloring φ for G as follow: φ(x) = 1, φ(s) = 2 and for z, when z is not adjacent to x, φ(z) = 1. If there exist z adjacent to x and z, then we assign φ(z ) = 1 and to other adjacent vertices of x, we assign color 2. This assignment is a 2-clique coloring of G.
Finally, we show the 2-clique colorability of K 3,3 -minor free graphs in class F 7 . Theorem 14. If G ∈ F 7 , then G has a 2-clique coloring or is K 3,3 -minor.
Proof. Since G is an antiprismatic,Ḡ is prismatic. IfḠ has no triangle, then α(G) ≤ 2, and by Theorem 12, is 2-clique colorable. Now let T = [vuw] be a triangle inḠ, and
Liang et al. in [8] prove that if (i) |S i | = 0 for some i = 1, 2, 3, then G has a 2-clique coloring.
(ii) |S i | = 1 for some i = 1, 2, 3, then G has a 2-clique coloring.
(iii) there is an edge xy inḠ such that for i = j ∈ {1, 2, 3}, x is an isolated vertex inḠ[S i ] and y is an isolated vertex inḠ[S j ], then there exists a 2-clique coloring of G.
(iv) there exist i = j ∈ {1, 2, 3} such that S i ∪ S j is an independent set inḠ, then G has a 2-clique coloring.
In the following for the remaining cases, we provide a 2-clique coloring for G or we show that G is Similarity, in the other cases of adjacancy of vertices w 1 and w 2 with {u 1 , u 2 , v 1 , v 2 }, G consists of a K 3,3 -minor, except the following two cases.
• w 1 is adjacent to u 2 of {u 1 , u 2 } and v 1 of {v 1 , v 2 }, and w 2 is adjacent to u 1 of {u 1 , u 2 } and (Figure 1a show graph G).
• w 1 is adjacent to u 1 of {u 1 , u 2 } and v 2 of {v 1 , v 2 }, and w 2 is adjacent to u 2 of {u 1 , u 2 } and (Figure 1b show graph G).
In both above cases G is a planar graph and φ 1 , φ 2 are 2-clique coloring for G 1 and G 2 respectively, where φ 1 (x) = 1 when x ∈ {w, w 1 , v, v 1 , u} and φ 1 (x) = 2 for other vertices in G 1 , and φ 2 (x) = 1 when x ∈ {w, w 2 , v, v 1 , u} and φ 2 (x) = 2 for the other vertices in G 2 . we have following three cases.
• Therefore, when |S i | ≥ 3 for some i = 1, 2, 3, G is a K 3,3 -minor.
By Theorems 8, 11, 13, 14 and Corollary 1, the main result in this section is proved.
Theorem 15. If G is claw-free and K 3,3 -minor free and G is not an odd cycle of order greater than three, then G is 2-clique colorable.
Since every K 2,3 -minor free graph is also a K 3,3 -minor free graph, Theorem 15 implies that every claw-free and K 2,3 -minor free graph, different from an odd cycle, is also 2-clique colorable. In the following, we give a short proof of this fact without the structural theorem of claw-free graphs.
First, we need the following theorem. Theorem 17. If G is claw-free and K 2,3 -minor free and G is not an odd cycle of order greater than three, then G is 2-clique colorable.
Proof. Let G be a claw-free and K 2,3 -minor free graph. The assertion is trivial for |V (G)| ≤ 3.
So let |V (G)| ≥ 4. By Theorem 16, there exists a sequence T = T 1 , T 2 , . . . , T r that G has a recursive construction based on T i , 1 ≤ i ≤ r. We use the induction on r. If r = 1, then G = T 1 is either a K 4 or a outerplanar graph. If G is K 4 , then the assertion is obvious, since K 4 is 2-clique colorable. If G is an outerplanar graph, then the assertion follows directly from Theorem 2. Now let r ≥ 2. By the induction hypothesis G r−1 has a 2-clique coloring. Suppose that G r is obtained from G r−1 and T r by gluing on vertex {v}. Since T r has also 2-clique coloring, by a renaming the color of v in T r , if it is necessary, we obtain a 2-clique coloring of G r .
Shan and Kang in [11] proved the following theorem.
Lemma 2. [11]
If G is a (claw, K 4 )-free graph, then ∆(G) ≤ 5.
Now we can use Theorem 9 that is proved by Liang et al. in [8] and conclude the following corollary.
Corollary 2. If G is claw-free and K 4 -minor free graph and G is not an odd cycle of order greater than three, then G is 2-clique colorable.
